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In two dimensional superfluid, annihilation processes of vortices are investigated by
numerical simulation within the dissipative Gross-Pitaevskii equation (GPE) model.
First, quantum vortex solution is obtained and its fitting function is found. Second,
the simulation show that positive and negative vortices accelerate in both x,y direc-
tions, until they annihilate into a soliton and then a crescent-shaped shock wave.
The processes are found to be controlled by the dissipative parameter and the gen-
eral Magnus force. For the behavior of separation distance between vortices d(t), an
universal scaling exponent 1/2 is found which is same with the three dimensional
cases. Third, system’s energy is surprisingly found to be determined by system’s
configuration and their relation are obtained. Then we derive the general Magnus
force which decreases with the increases of d(t) for large d(t) and increases with the
increases of d(t) for small d(t).
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2I. INTRODUCTION
Quantum vortices are topological defects in the order parameter which describes super-
fluid. In turbulent superfluid, the reconnection of vortex lines for three dimensional cases,
or the annihilation of clockwise rotating vortex and counterclockwise rotating vortex for
two dimensional cases are important phenomena. These processes reduce the topological
defects and randomise the velocity field. What’s more, they are essential way of energy
dissipation and redistribution. Therefore, this topic attracts a lot attention and is inten-
sively studied. In recent years, Ha¨nninen studies the spectrum of Kelvin waves from vortex
reconnection in superfluid helium[1]. Serafini et al. report experimental and numerical ob-
servations of double reconnections, rebounds and ejections in trapped atomic Bose-Einstein
condensates[2]. Hannay calculates the vortex reconnection rate, and loop birth rate for a
random wavefield[3]. While we focus on the behavior of the minimum distance between vor-
tex lines d(t) during the reconnection process. Based on Schwarz’s vortex filament model[4],
de Waele and Aarts firstly report that
d(t) = (κ/2pi)1/2
√
t0 − t, (1)
where κ is the circulation quantum and t0 is the reconnection time[5]. This scaling exponent
1/2 is later confirmed in Helium experiment[6, 7], and by an approximate analytic solution
in the GPE model[8]. However, many numerical simulations show that the formula of d(t)
should be modified as
δ(t) = A1(t0 − t)A2 , (2)
or
δ(t) = B1(t0 − t)1/2[1 +B2(t0 − t)] (3)
with A2 varying around 1/2 and small B2 [9–14]. Galantucci et al. report two universal
scaling laws 1/2 and 1, the former arising from the mutual interaction of the reconnecting
strands and the latter arising when extrinsic factors drive the individual vortices[15].
The above researches are about three dimensional cases. The two dimensional cases
should also be important and interesting. In experiment, there are oblate Bose-Einstein
condensate where the vortices are clockwise rotating or counterclockwise rotating. They
are simple than vortex lines in three dimension. During their annihilation process, does the
distance d(t) has similar behavior and scaling exponent? In this paper, we try to answer
3this question by numerical simulation within the dissipative GPE model. Additionally, we
are going to reveal the details and the energy behavior of the process.
The outline of the paper goes as follows. In section II we introduce the superfluid model
and relevant numerics. In section III we report numerical results and new findings, e.g.
vortex solution in cylindrical coordinate, the detail of vortices’ annihilation process, energy
behavior. In the last section, we end with a conclusion and discussion.
II. TWO DIMENSIONAL SUPERFLUID MODEL AND RELEVANT
NUMERICS
The two dimensional superfluid model in this paper is the dissipative Gross-Pitaevskii
equation (GPE)[16–20], which is also known as the nonlinear Schro¨dinger equation
(i− η)~∂ψ
∂t
= − ~
2
2m
∇2ψ + V0|ψ|2ψ − µψ, (4)
where η is the dissipative parameter which is added by hand, ψ(~x, t) is the wave function for
N bosons of mass m, V0 is a coupling constant denotes the interaction between the bosons,
µ is the chemical potential.
For the numerical simulation of system’s dynamics, dimensionless GPE is practical
(i− η)∂ψ
∂t
= −∇2ψ + |ψ|2ψ − ψ. (5)
This is achieved by applying the rescaling transformation
t→ ~
µ
t,x→ ~√
2mµ
x, ψ →
√
µ
V0
ψ. (6)
The superfluid velocity is
u =
J
|ψ|2 , J = i(ψ∂ψ
∗ − ψ∗∂ψ) (7)
and the vortex winding number is
ω =
1
2pi
∮
c
dx · u, (8)
here c is a counterclockwise oriented path surrounding a single vortex. From now on, a
vortex with ω > 0 will be called positive vortex and a vortex with ω < 0 will be called
negative vortex.
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FIG. 1: Vortex configuration for ω = ±1.
To investigate the dynamical evolution process of a vortex pair, we consider an uniform
superfluid ψ1(x, y) = 1 in a 60 × 60 square box with coordinate system,x ∈ (−30, 30)
and y ∈ (−30, 30). After a positive vortex with ω = 1 is located at point(0,10), and a
negative vortex with ω = −1 is located at point(0,-10), the uniform superfluid become
ψ2(x, y). Next, ψ2(x, y) is multiplied with a function eiϕ(x,y) which is carefully constructed
to make the system periodic. Thus the initial superfluid ψ(t = 0, x, y) is constructed. Then
the system evolves governed by the dissipative GPE. In x, y direction, the pseudo-spectral
method is used to represent ψ with 361 Fourier modes. In t direction, the fourth-order
Runge-Kutta method is used to evolve GPE with time step δt = 0.002. For a detail review
of these numerical methods, one can refer to Ref.[21–24].
III. RESULTS
A. vortex solution
As quantum vortex has cylindrical symmetry, we will work in the cylindrical coordinate
(ρ, θ). The complex function ψ(x, y) can be rewritten as φ(ρ)eiωθ where ω is the vortex
winding number. Here ω have to be integers to guarantee ψ(x, y) is a single-valued function.
The GPE is rewritten as
∂2φ(ρ)
∂ρ2
+
∂φ(ρ)
ρ∂ρ
− ω
2
ρ2
φ(ρ)− φ3(ρ) + φ(ρ) = 0. (9)
From the third term of the above equation, it can be clearly seen that the positive
5vortex and negative vortices have the same configuration. The only difference is that one
has counterclockwise rotation while the other has clockwise rotation. The above equation
can be solved numerically for ρ ∈ (0, L). At ρ = 0, we choose Dirichlet boundary condition
φ(0) = 0. At ρ = L, we choose Dirichlet boundary condition φ(L) = 1 or Neumann boundary
condition φ′(L) = 0 which give same solution. Set L = 30, the vortex configuration for
ω = ±1 is shown in Fig.1. The vortex solution is approximately fitted by
φ(ρ) = tanh(0.557ρ), (10)
and well fitted by
φ(ρ) = 0.971tanh(0.587ρ) + 0.00270ρ− 0.0000621ρ2. (11)
The vortex radius can be roughly considered as
r = 2.1, (12)
with φ(2.1) ≈ 0.824. The assignment here is for the convenience of later discussion. The
exact value of vortex radius is determined by the behavior of Magnus force in Sec.III C.
B. vortices annihilation process
We achieve long-time simulations of the vortices’ annihilation process for differ-
ent dissipative parameters (η = 0.01, 0.02, 0.05, 0.1). These simulations have very
similar behavior except different time scales. As an example, η = 0.01 case is
shown in Fig.2. The panels are superfluid configurations for different time t =
8, 200, 224, 240, 1440, 1520, 1560, 1600, 1640, 1680, 1760. The dots are vortices, above is a
positive vortex and below is a negative vortex. As one can see, the positive and negative
vortex move in the same positive x direction, and meantime they move towards each other
until they annihilate into a soliton and then a crescent-shaped shock wave.
During the simulation, we recorded the positions of the vortices every ∆t. Fig.3 shows
the trajectories of vortices corresponding to different dissipative parameters. For the case of
small dissipative parameter, the vortices move a long distance in x axis before annihilating
into a soliton. One can also find that for each simulation, the motion of positive and negative
vortices have very good symmetry about time and x axis. Therefore, we only need to consider
the motion of one of the vortices.
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FIG. 2: The vortices’ annihilation process for η = 0.01. The panels are superfluid configurations
for different time . The dots are vortices, above is a positive vortex and below is a negative vortex.
The positive and negative vortex move in the same positive x direction, and meantime they move
towards each other until they annihilate into a soliton and then a crescent-shaped shock wave.
Note the periodic boundary.
Fig.4 shows the x vs. t behavior of vortices for different dissipative parameters. One
can see that the vortices accelerate in x direction as their velocities increase with time. The
acceleration is slower for smaller dissipative parameter. Despite the different length scale in
x axis and time scale, the four graphes are similar.
Fig.5 shows (10-y) vs. t behavior of positive vortices for different dissipative parameters.
One can see that the vortices also accelerate in y direction as their velocities increase with
time. The acceleration is slower for smaller dissipative parameter. Despite the different time
scale, the four graphes are similar.
Then how to understand the vortices’ annihilation process, e.g. (1)why the vortices move
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FIG. 3: Trajectories of vortices in x-y plane for different dissipative parameters. The vortices move
a longer distance in x axis before annihilating into a soliton for a smaller dissipative parameter.
The motion of positive and negative vortices have very good symmetry about time and x axis.
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FIG. 4: x vs. t behavior of vortices for different dissipative parameters. Despite the different
length scale in x axis and time scale, the four graphes are similar.
towards positive x direction, (2)why they accelerate in both x and y directions, (3)why
the accelerations are different for different dissipative parameters? As a poor fitting func-
tion will make us get inaccurate vortex velocity and acceleration and we haven’t found the
perfect fitting functions for the above graphes, we will only analyze the above phenomena
qualitatively rather than quantitatively.
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FIG. 5: (10-y) vs. t behavior of positive vortices for different dissipative parameters. Despite the
different time scale, the four graphes are similar.
(1) The positive vortex generates counterclockwise rotating velocity fields around it and
the negative vortex generates clockwise rotating velocity fields around it. Note that above
is a positive vortex and below is a negative vortex. So the positive vortex is in positive x
direction velocity field of the below negative vortex and the negative vortex is in positive x
direction velocity field of the above positive vortex. In a result, both the vortices will move
in positive x direction. If the positions of the positive and negative vortices are swapped,
they will move in the negative x direction.
(2) When vortex drifts, there will be a Magnus force exerts on it[25]. The force is in
the direction perpendicular to both the vorticity and the drift velocity of the vortex. In our
case, the vortices drift in positive x direction. The Magnus force which exerts on the positive
vortex is in negative y direction and the Magnus force which exerts on the negative vortex is
in positive y direction. So the vortices will accelerate toward each other in y direction. This
makes the separation distance between the vortices smaller and the drift velocities bigger
which in return make the Magnus forces bigger. Note that the Magnus force is defined when
the separation distance of vortices is large. While when the separation distance of vortices is
small, there still is a force as the vortices accelerate. Thus we still call it the Magnus force.
(3) The curves in Fig.3, Fig.4 and Fig.5 are similar for different dissipative parameters.
While their time scales τ are different. It seems that τη ≈ 15.81, 15.88, 16.08, 17.5 are
9constant, or τ ∝ 1/η. As we already know in the above paragraph that the accelerations
of vortices are caused by Magnus forces, then different accelerations for different dissipative
parameters seem to denote different Magnus forces. While it is not true as the Magnus
force is configuration dependent which can be saw in next subsection. The acceleration in x
direction increases with dissipative parameter should be attributed to a decrease of “vortex
inertia mass”.
Fig.6 shows d(t) vs. t, where d(t) is the separation distance between the vortices at
different times. We find that function d(t) are roughly fitted by the formula
d(t) = A1(t0 − t)1/2, (13)
where t0 is the reconnection time. While they are approximately fitted by
d(t) = B1(t0 − t)1/2[1 +B2(t0 − t)]. (14)
Specially, when the separation distances are large, e.g. d(t) > 4.2 ( the 4.2 can be considered
as the length scale of the vortex which can be confirmed in Fig.1 ), their behavior are well
fitted by the above formula. Note that B2 are very small constants, the scaling law 1/2 of
the separation distance between vortices seems to be universal for two dimensional and three
dimensional cases[5–15], while parameter B1 and B2 are dissipative parameter dependent.
C. energy behavior and the general Magnus force
The corresponding Hamiltonian for the GPE model is
H =
∫
d2x(|∇ψ|2 + 1
2
|ψ|4 − |ψ|2). (15)
Here we consider the energy of the uniform superfluid (ψ = 1) to be zero, then the hamilto-
nian energy can be defined as
E =
∫
d2x(|∇ψ|2 + 1
2
|ψ|4 − |ψ|2 + 1
2
). (16)
Fig.7 shows the energy evolution behavior for different dissipative parameters. The blue
dots denote vortex evolution stage and the red dots denote soliton and wave evolution stage.
During the whole process, system’s energy is decreasing. When the separation distance of
the vortices is large, the decreasing of energy is slow. When the separation distance of
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FIG. 6: The blue dots are d(t) vs. t, where d(t) is the separation distance between the vortices at
different times. The red curves are fitting functions d(t) = B1(t0 − t)1/2[1 +B2(t0 − t)].
the vortices is small and soliton is formed, the decreasing of energy is dramatic. When
the soliton becomes a wave, system’s energy is very small and the decreasing of energy is
very slow. The final state has zero energy which denotes the uniform superfluid. Energy of
system possessing vortices is larger than that of uniform system. The four energy graphes
are very similar, especially that the last blue dots seems to have the same energy, which
make one wonder that the energy is configuration dependent.
Fig.8 shows the E(t) vs. d(t) relation before the vortices annihilation. As the four curves
overlap, system’s energy is separation distance of vortices dependent. While the periodic
system’s configuration is determined by the separation distance of vortices. So one can
conclude that system’s energy is indeed configuration dependent. When the separation
distance of the vortices is large, system’s energy is large. When the separation distance of
the vortices is small, system’s energy is small. One can see that a newly formed soliton has
large energy. The graphes’ inflection point is around (4.2, 22.2).
When d(t) > 4.2, the graphes are well fitted by
E(d) = 3.55 + 0.165d+ 12.5loge(d). (17)
When d(t) < 4.2, the graphes are well fitted by
E(d) = 15.3 + 0.407d− 0.133d2 + 0.189d3 − 0.0209d4. (18)
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FIG. 8: E(t) vs. d(t) for different dissipative parameters. As the four curves overlap, system’s
energy is configuration dependent.
Although the system possesses both kinetic and potential energy, the total energy behaviors
as a potential energy. Therefore, the derivation of energy versus distance can be regarded
as a force. When d(t) > 4.2, the force is
f(d) = −dE(d)
dd
= −(0.165 + 12.5
d
). (19)
The minus denotes attractive force between the positive vortex and negative vortex. The
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force is actually the Magnus force. Note that the Magnus force is proportional to vorticity
and drift velocity. In this large d(t) case, vorticity can be considered as a constant and
the Magnus force is proportional to drift velocity. The first term in the force formula is
introduced by initial velocity which is introduced when we construct the periodic superfluid
system. This initial velocity is small. The second term is introduced by the velocity field
of the other vortex. Magnitude of the Magnus force decreases with the increase of d(t) for
large d(t). When d(t) < 4.2, the force is
f(d) = −dE(d)
dd
= −(0.407− 0.266d+ 0.567d2 − 0.0836d3). (20)
Although the Magnus force is not defined for small d(t), we will still call it the Magnus force.
Interestingly, this Magnus force increases with the increase of d(t) for small d(t). Therefore,
despite the vorticity and drift velocity, the general Magnus force is also d(t) dependent. As
the general Magnus force have different behavior for d(t) > 4.2 and d(t) < 4.2, we define
the vortex radius as r = 2.1. One may call the annihilation process for d(t) > 4.2 the
approaching process and the annihilation process for d(t) < 4.2 the colliding process.
IV. CONCLUSION AND DISCUSSION
A pair of vortices with winding number ω = ±1 are located in a two dimensional su-
perfluid with periodic boundary. Then the vortices’ annihilation processes are numerical
simulated and investigated within the dissipative GPE model. First, the vortex configura-
tion is obtained by solving the GPE in cylindrical coordination and a well fitting function
is found. The vortex radius is roughly set to 2.1. Hence, the length scale of the vortex is
4.2 which separates the behavior of d(t) and E(d).
Second, vortices’ annihilation processes are analysed. The positive and negative vortex
accelerate in the same positive x direction, and meantime they accelerate towards each other
until they annihilate into a soliton and then a crescent-shaped shock wave. For different
dissipative parameters η, the behaviors of vortices’ trajectories, x(t) and y(t) are similar
with different time scales τ ∝ 1/η. The acceleration in x direction is caused by d(t) and the
acceleration in y direction is caused by the Magnus force. As the acceleration in y direction
increases with the dissipative parameters, the “inertial mass” of vortex decreases with the
increases of the dissipative parameter. For the behavior of separation distance between the
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vortices, a fitting function is found with an universal scaling exponent 1/2 which is same
with the three dimensional cases. The fitting formula is accurate when d(t) is large, e.g.
d(t) > 4.2.
Third, evolution of system’s energy are shown during the whole stage. A newly formed
soliton is found to possess large energy which decreases very fast. For different dissipative
parameters, the energy behavior are similar. Then we plot the E(t) − d(t) graphes which
amazingly overlap. Their fitting functions are found for d(t) > 4.2 and d(t) < 4.2. Therefore,
the general Magnus force is derived. The force has different behaviors for different d(t).
When d(t) is large, as the drift velocity decreases with the increases of d(t), the force will
decreases. While, when d(t) is small, the force increases with d(t). In a word, the general
Magnus force is the separation distance of vortices dependent.
In sec.III B, we qualitatively rather than quantitatively discussed the behavior of vortices’
trajectories, x(t) and y(t) in Fig.3, Fig.4 and Fig.5. That is because the well fitting functions
for the graphes are not found, and poor fitting functions will make us get inaccurate vortices
velocities and accelerations. Note that the background superfluid is static and the initial
vortices velocities are small, as a result, the Magnus force is small and the annihilation
process is slow. Thus it is difficult to find the well fitted functions for these graphes. If
the background superfluid has a velocity, the problem may be solved. What’s more, the
annihilation processes of vortices for different background superfluid velocities are interesting
in their own. Especially, in that cases, the Magnus force for large d(t) should have the same
formula as Eq.(19). Anyway, this is beyond the scope of this paper.
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